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Abstract
We derive a relation between correlation functions of supergroup WZNW models
and conformal field theories with extended superconformal symmetry. The super-
groups considered have a bosonic subgroup of the form SL(2) × A for some Lie
group A. The corresponding conformal field theory is a super Liouville field theory
coupled with the WZNW model on A. An example is a correspondence between
the PSU(1,1|2) WZNW model and small N = 4 super Liouville field theory. The
OSP(n|2) WZNW model is related to a superconformal field theory with SO(n)
extended superconformal symmetry of the Knizhnik-Bershadsky type. In the case
n = 4 this is simply the large N = (4, 4) superconformal symmetry. Besides these
two examples we make a general derivation encompassing the WZNW models on
supergroups SL(2|n), D(2,1;α), OSP(4|2n), F(4) and G(3) and their relation to
models with extended superconformal algebras as symmetry.
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1 Introduction
Recently, supergroup models have been studied by many researchers due to the de-
velopment of the AdS/CFT correspondence [1]. The correspondence relates superstring
theories on Anti-de Sitter (AdS) spaces with conformal field theories on the boundary, and
it is known that the superstring theories are described by models on supergroups/cosets.
For example, superstring theories on AdS5×S5 and AdS3×S3 are described by utilizing
PSU(2, 2|4) [2] and PSU(1, 1|2) symmetry [3], respectively. Supergroup models are also
used to describe disordered systems in the context of condensed matter physics [4]. Es-
pecially interesting in this respect are the models proposed for the plateau transition in
the integer quantum Hall effect [5] (see also [6, 7]).
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In this note, we study a simple type of supergroup models, namely, Wess-Zumino-
Novikov-Witten (WZNW) models based on supergroups. These have been studied in the
bulk [8, 9, 10, 11, 12] and with boundaries [13, 14, 15, 16, 17, 18]. One way to deal with
a supergroup WZNW model is to rewrite it as a WZNW model on the bosonic subgroup
coupled with free fermions [12]. However, this method can be applied only to type I
supergroups. Another way is to utilize the relation to super Liouville theory developed
in [19], where the structure constants of OSP(1|2) WZNW model were computed. In the
paper, the relation between correlation functions of OSP(n|2) WZNW model and N = n
super Liouville theory was obtained for n = 1, 2, which is a generalization of the relation
between correlation functions of SL(2) WZNW model and Liouville field theory [20, 21].
The aim of this note is to extend the relation to more generic cases, where the Liouville
theory side has extended superconformal symmetry.
The extension of the conformal symmetry to N = n ≤ 4 supersymmetry was found
in [22], and it has SU(2) or SO(n) symmetry. A theory with this type of extended
superconformal symmetry can be realized by a Liouville-like theory coupled with SU(2)
or SO(n) WZNWmodels [23, 24]. In this case, the (anti-)commutators of generators of the
superconformal symmetry are given by linear combinations of the generators themselves.
If we do not require such a linear relation, the superconformal symmetry can be extended
with U(n) or SO(n) symmetry for arbitrary n as shown by Knizhnik and Bershadsky
[25, 26]. In this paper we call this type of symmetry “superconformal W -algebra” since
the (anti-)commutators may lead to products of generators. In fact, the relation between
supergroup WZNW models and super Liouville field theory is not entirely new. In [27]
it was shown that utilizing quantum Hamiltonian reduction OSP(n|2) WZNW models
reduce to N = n super Liouville field theory. This analysis was extended in [28, 29, 30,
31, 32] to supergroups whose bosonic subgroup is of the form of SL(2)×A. The extended
superconformal algebras were also classified by an algebraic approach in [33, 34].
A strong motivation to study these relations comes from the proof of the Fateev-
Zamolodchikov-Zamolodchikov (FZZ) duality [35, 36]. The FZZ duality relates Witten’s
semi-infinite cigar model, given by the coset H+3 /R, to sine-Liouville field theory. In the
proof the main ingredients were the above mentioned relation of the SL(2) WZNW model
to Liouville field theory together with the self duality of Liouville theory. The proof was
generalized in [37] to the case with branes in the cigar and to the supersymmetric case
where the relation takes the form of a mirror duality [38]. In the proofs it was essential
that the relation was known in detail directly relating correlators to correlators. It would
be interesting to find similar dualities for the supergroups that we consider in this paper.
One example may be given by OSP(1|2)/U(1) model discussed in [39]. The first step is
taken by making the relation to the superconformal Liouville field theories precise using
the path integral formalism.
Our strategy is as follows. We consider supergroups whose bosonic subgroups are of
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the form SL(2)×A. The idea is to use the path integral techniques from [21] to integrate
out the fields corresponding to the roots of SL(2). This requires finding a suitable free field
realization of the WZNW model such that these fields do not appear in the interaction
terms. We find that this can be achieved using a special five-decomposition of the Lie
superalgebra. Then we can proceed as in [21, 19], that is after integrating out the fields
corresponding to the roots of SL(2) and performing certain field redefinitions we get a
theory endowed with extended superconformal symmetry. Due to the field redefinitions
involved, an N -point correlation function in the WZNW model on a sphere is equal to a
(2N − 2)-point correlator with N − 2 degenerate fields inserted.
The organization of this note is as follows: In the next section we study the relation
to Liouville field theory with N ≤ 4 superconformal symmetry. First we relate the
PSU(1, 1|2) WZNW model to Liouville theory with small N = (4, 4) superconformal
symmetry in subsection 2.1, and we consider OSP(n|2) WZNW models which relate to
Liouville theory with N = (n, n) superconformal symmetry in subsection 2.2. In section
3 we consider the general case when the supergroup has its bosonic sub-algebra of the
form SL(2)×A. Notations for the Lie superalgebras are given in appendix A, and the
symmetries of the reduced theories are studied in appendix B.
2 WZNW models and super Liouville theories
In this section we study the relation between supergroup WZNW models and Liouville
field theory with superconformal and extended superconformal symmetry. We start by
deriving a correspondence between the PSU(1, 1|2) WZNW model and Liouville theory
with small N = (4, 4) superconformal symmetry. This case is relevant for the study of the
AdS3/CFT2 correspondence where string theory on AdS3×S3 is related to the supergroup
[3, 40]. Further note that small N = (4, 4) superconformal symmetry on the dual CFT
side played an important role in the protection of certain correlators [41]. In subsection
2.2 we then consider OSP(n|2) WZNW models, which are related to Liouville theory
with N = (n, n) superconformal symmetry. It reproduces the result in [19] for n = 1, 2.
Moreover for n > 4 the commutators of symmetry generators contain the products of
generators and the symmetry algebra can thus be called as superconformal W -algebra.
2.1 From PSU(1,1|2) to small N = 4 Liouville theory
We derive a correspondence between the correlators of the WZNW model of the su-
pergroup PSU(1,1|2) and small N = 4 Liouville field theory. The bosonic subgroup of the
supergroup is the product of SU(1, 1) ≃ SL(2) and SU(2). To be more precise, we will
here and in the following actually consider sigma models whose bosonic subspace instead
of SL(2) contain the coset H+3 = SL(2,C)/SU(2) i.e. the space of hermitian elements
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of SL(2,C). The Euclidean hyperbolic space H+3 can then be related to Liouville theory
using the method of [21]. The action for the H+3 model can, however, be written as the
WZNW action based on Hermitian matrices, see [42].
The derivation proceeds as follows: First we introduce the WZNW model and express
the correlation function as a path integral. The fields corresponding to the roots of SL(2)
are then integrated out. Finally we have to rotate some fields to arrive at the desired
small N = 4 Liouville field theory.
2.1.1 The PSU(1,1|2) WZNW model
The first step is to find an appropriate free field realization of the WZNW model.
The explicit form of the WZNW model action depends on the parametrization of the
supergroup valued field. For our purposes it is of crucial importance to choose this to be
g = αGβ with
α = exp( 1√
2
(θ12S
−
12 + θ
1
1S
−
22)) exp(
1√
2
(θ21S
−
11 − θ22S−21)) exp(γE−1 ) ,
β = exp( 1√
2
(θ¯21S
+
12 − θ¯22S+22)) exp( 1√2(θ¯12S+11 + θ¯11S+21)) exp(γ¯E+1 ) ,
G = exp(−2φE01)
(
I2 0
0 q
)
,
(2.1)
and q a 2× 2 SU(2)-matrix. The notation for the generators is summarized in appendix
A. This parametrization is different from the one chosen in [10], which is suitable for free
fermion resolution of type I cases [12]. Here we employ a decomposition of PSU(1, 1|2)
that resembles type II supergroups in order to apply the method in [19]. A more detailed
explanation of the decompositions of the supergroups can be found in the next section.
Using the well-known Polyakov-Wiegmann identity, the action is
SWZNW[g]k = S
WZNW[q]k +
k
2π
∫
d2z
[
∂¯φ∂φ + e−2φ(∂¯γ − θ2∂¯θt1)(∂γ¯ + θ¯2∂θ¯t1)
+ e−φ∂θ¯1q
−1∂¯θt1 + e
−φ∂¯θ2q∂θ¯
t
2
]
, (2.2)
where we have used
θ1 = (θ
1
1, θ
1
2) , θ¯1 = (θ¯
1
1, θ¯
1
2) , θ2 = (θ
2
1, θ
2
2) , θ¯2 = (θ¯
2
1, θ¯
2
2) . (2.3)
The transpose operation was expressed as (qt)i,j = qj,i. The action can be rewritten in a
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first order form. Introducing β, β¯ and pab , p¯
a
b with a, b = 1, 2, we now have
S[g, β, β¯, p, p¯]k = S
WZNW[q]k−2 + S0 + Sint , (2.4)
S0 =
1
2π
∫
d2z
[
∂¯φ∂φ +
Qˆ
4
√
gRφ − β∂¯γ − β¯∂γ¯ +
∑
a=1,2
(pa∂¯θ
t
a + p¯a∂θ¯
t
a)
]
,
Sint =
1
2π
∫
d2z
[
−1
k
ββ¯e2bφ +
1
k
(p1 − βθ2)q(p¯1 + β¯θ¯2)tebφ + 1
k
p¯2q
−1pt2e
bφ
]
,
with b = 1/
√
k. Here the level of SU(2) has been shifted due to the change in the
path integral measure (see also [10]) and a background charge have been added Qˆ = −b.
Moreover, we have defined
p1 = (p
1
1, p
1
2) , p¯1 = (p¯
1
1, p¯
1
2) , p2 = (p
2
1, p
2
2) , p¯2 = (p¯
2
1, p¯
2
2) . (2.5)
In order to write down the vertex operators, it is convenient to bosonize the fermionic
fields as
pab = e
iY a
b , θab = e
−iY a
b , p¯ab = e
iY¯ a
b , θ¯ab = e
−iY¯ a
b . (2.6)
Then the vertex operators are
V
sa
b
j,L(µ|z) = µj+1+
1
2
sa
b µ¯j+1+
1
2
s¯a
b eis
a
b
Y a
b
+is¯a
b
Y¯ a
b eµγ−µ¯γ¯e2b(j+1)φV SU(2)L (q) , (2.7)
where L labels the representation of su(2).
2.1.2 The correspondence with small N = 4 Liouville theory
We now consider correlation functions. We first perform the path integral for the fields
γ, γ¯ and then for β, β¯. Then after a field redefinition the correlation function takes the
form of those in small N = 4 Liouville theory with extra insertions of degenerate fields.
We consider correlation functions of the form〈
N∏
i=1
V
sa
b i
ji,Li
(µi|zi)
〉
. (2.8)
Following the analysis in [21] we integrate out first γ, γ¯ and then β, β¯. After this procedure,
the field β is replaced by the function
N∑
i=1
µi
z − zi = u
∏N−2
l=1 (z − yl)∏N
i=1(z − zi)
= uB(yl, zi; z) , (2.9)
and similarly β¯ by −uB¯(y¯l, z¯i; z¯). We remove the function B from the action by shifting
the fields φ, Y ab as
φ+
1
2b
ln |B|2 → φ , Y ab −
i
2
lnB → Y ab . (2.10)
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Note, that this shift changes conformal dimension of the fermions to 1/2. Then we have
(for a detailed derivation, see [19])〈
N∏
i=1
V
sa
b i
ji,Li
(µi|zi)
〉
WZNW
= δ(2)(
N∑
i=1
µi)|ΘN |2
〈
N∏
i=1
V
sa
b i
+1/2
b(ji+1)+1/2b,Li
(zi)
N−2∏
l=1
V
−1/2
−1/2b,0(yl)
〉
.
(2.11)
Here L = 0 denotes the identity representation of su(2). The right hand side is evaluated
with the action
S = SWZNW[q]k−2 + S0 + Sint ,
S0 =
1
2π
∫
d2z
[
∂¯φ∂φ+
Q
4
√
gRφ+
∑
a=1,2
(pa∂¯θ
t
a + p¯a∂θ¯
t
a)
]
,
Sint =
1
2π
∫
d2z
[1
k
e2bφ +
1
k
(p1 − θ2)q(p¯1 − θ¯2)tebφ + 1
k
p¯2q
−1pt2e
bφ
]
,
(2.12)
where the new background charge is Q = b−1 − b. The vertex operators are
V
sa
b
α,L(z) = e
isa
b
Y a
b
+is¯a
b
Y¯ a
b e2αφV
SU(2)
L (q) , (2.13)
and the pre-factor is
Θ = u
N∏
i<j
(zi − zj)
1
2b2
−1
N−2∏
p<q
(yp − yq)
1
2b2
−1
N∏
i=1
N−2∏
p=1
(zi − yp)−
1
2b2
+1 . (2.14)
To simplify the action we rotate the fermions as follows
θ1 + p2 = χ− , −θ2 + p1 = ψ− , p1 = χ+ , p2 = −ψ+ ,
θ¯1 + p¯2 = χ¯− , −θ¯2 + p¯1 = ψ¯− , p¯1 = χ¯+ , p¯2 = −ψ¯+ .
(2.15)
Then the action becomes
S = SWZNW[q]k−2 + S0 + Sint ,
S0 =
1
2π
∫
d2z
[
∂¯φ∂φ +
Q
4
√
gRφ + χ+∂¯χt− + ψ+∂¯ψt− + χ¯+∂χ¯t− + ψ¯+∂ψ¯t−
]
,
Sint =
1
2π
∫
d2z
[1
k
e2bφ +
1
k
ψ−qψ¯
t
−e
bφ +
1
k
ψ¯+q
−1ψt+e
bφ
]
.
(2.16)
Note that the fermions χ, χ¯ have decoupled from a theory that can be called small N = 4
Liouville, the action of which was proposed in [23]. This has central charge
c = cSU(2)k−2 + cφ + cψ =
3(k − 2)
k
+ 1 + 6Q2 + 2 = 6(k − 1) . (2.17)
In appendix B the action is shown to preserve small N = (4, 4) superconformal symmetry.
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2.2 From OSP(n|2) to N = n Liouville theory
We now find another family of correspondences. These are between WZNW models
of orthosymplectic supergroups OSP(n|2) and what we call so(n) extended super Liou-
ville theory. For n = 1, 2, 3, 4 the symmetry of these theories are generated by a usual
superconformal algebra, while for higher n it is a superconformal W -algebra.
2.2.1 The OSP(n|2) WZNW model
As in the cases of OSP(n|2) with n = 1, 2 [19], we parameterize the element of the
supergroup as g = αGβ with
α = exp(θ1F
−
1 ) exp(θ2F
−
2 ) · · · exp(θnF−n ) exp(γE−) ,
β = exp(θ¯nF
+
n ) exp(θ¯n−1F
+
n−1) · · · exp(θ¯1F+1 ) exp(γ¯E+) ,
G = e−2φE
0
(
q 0
0 I2
)
, q ∈ SO(n) .
(2.18)
Notation is given in appendix A. With the above parametrization we obtain the action
for OSP(n|2) as
SWZNW[g]k = S
WZNW[q]k +
k
2π
∫
d2z
[
∂¯φ∂φ + e−2φ(∂¯γ + θ∂¯θt)(∂γ¯ + θ¯∂θ¯t) + 2e−φ∂¯θq∂θ¯t
]
,
(2.19)
where θ = (θ1, · · · , θn), θ¯ = (θ¯1, · · · , θ¯n), and we have used qt = q−1.
Introducing the auxiliary fields, β, β¯, p = (p1, · · · , pn), p¯ = (p¯1, · · · , p¯n), we find classi-
cally
SClas.[g, β, β¯, p, p¯] = S[q]WZNWk +
1
2π
∫
d2z
[
k∂¯φ∂φ − β∂¯γ − β¯∂γ¯ + p∂¯θt + p¯∂θ¯t
− 1
k
ββ¯e2φ − 1
2k
(p+ βθ)q(p¯+ β¯θ¯)teφ
]
. (2.20)
Due to change of the invariant measure to the free measure, there are shifts in the coeffi-
cients. First let us set q = 1. Then, as in [19], the contribution from the measure of the
path integral over β, γ is
δS = −1
π
∫
d2z∂φ∂¯φ+
1
8π
∫
d2z
√
gRφ , (2.21)
and the contribution from one set of fermions pi, θi is
δS =
1
4π
∫
d2z∂φ∂¯φ− 1
16π
∫
d2z
√
gRφ . (2.22)
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For the SO(n) part, the shift of level comes from the fermions, and we have k → k − 1.
Finally we find
S[g, β, β¯, p, p¯]k = S
WZNW[q]k−1 +
1
2π
∫
d2z
[
∂¯φ∂φ +
Qˆ
4
√
gRφ − β∂¯γ − β¯∂γ¯ + p∂¯θt + p¯∂θ¯t
− 1
k
ββ¯e2bφ − 1
2k
(p+ βθ)q(p¯+ β¯θ¯)tebφ
]
(2.23)
with b−2 = k − 2 + n/2 and Qˆ = b(1 − n/2).
As before, we bosonize the fermions as
pa = e
iYa , θa = e
−iYa , p¯a = e
iY¯a , θ¯a = e
−iY¯a (2.24)
with a = 1, 2, · · · , n. Then the vertex operators are
V saj,L(µ|z) = µj+1+
1
2
∑
a saµ¯j+1+
1
2
∑
a s¯aeisaYa+is¯aY¯aeµγ−µ¯γ¯e2b(j+1)φV SO(n)L (q) , (2.25)
where L labels the representation of so(n).
2.2.2 The correspondence with so(n)-extended super Liouville theory
We consider correlation functions of the above vertex operators and map them to
those of N = n super Liouville theories. First γ is integrated out, and then the field β is
replaced by the function
N∑
i=1
µi
z − zi = u
∏N−2
l=1 (z − yl)∏N
i=1(z − zi)
= uB(yl, zi; z) , (2.26)
and similarly β¯ by −uB¯(y¯l, z¯i; z¯). Like in (2.10) we absorb B, B¯ by a shift of fields φ, Ya
and get〈
N∏
i=1
V saiji,Li(µi|zi)
〉
WZNW
= δ(2)(
N∑
i=1
µi)|ΘN |2
〈
N∏
i=1
V
sai+1/2
b(ji+1)+1/2b,Li
(zi)
N−2∏
l=1
V
−1/2
−1/2b,0(yl)
〉
.
(2.27)
Here L = 0 is the identity representation of so(n). The action for the right hand side is
S = SWZNW[q]k−1 + S0 + Sint ,
S0 =
1
2π
∫
d2z
[
∂¯φ∂φ +
Q
4
√
gRφ + 1
2
(
p∂¯θt − ∂¯pθt + p¯∂θ¯t − ∂p¯θ¯t)] ,
Sint =
1
2π
∫
d2z
[1
k
e2bφ − 1
2k
(p+ θ)q(p¯− θ¯)tebφ
]
(2.28)
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with Q = Qˆ+ b−1. The vertex operators are
V saα,L(z) = e
isaYa+is¯aY¯ae2αφV
SO(n)
L (q)(z) , (2.29)
and the pre-factor is
Θ = u
N∏
i<j
(zi − zj)
1
2b2
−n
4
N−2∏
p<q
(yp − yq)
1
2b2
−n
4
N∏
i=1
N−2∏
p=1
(zi − yp)−
1
2b2
+n
4 . (2.30)
If we rotate fermions as
p =
1√
2
(χ+ iψ) , θ = − 1√
2
(χ− iψ) , p¯ = 1√
2
(χ¯+ iψ¯) , θ¯ =
1√
2
(χ¯− iψ¯) ,
then the fermions χ decouple from
SSL[φ, ψ, q] = S[q]k−n/2 +
1
2π
∫
d2z
[
∂¯φ∂φ+
Q
4
√
gRφ+ 1
2
ψ∂¯ψt +
1
2
ψ¯∂ψ¯t
+
1
k
e2bφ +
1
k
ψqψ¯tebφ
]
, (2.31)
which may be named so(n)-extended super Liouville field theory. The central charge is:
cLiouville = cSO(n) + cψ + cφ =
(n− 1)(n− 2)
2
k − 1
k + n/2− 2 + n/2 + 1 + 6Q
2
= 1
2
S
6S + n2 − 10
S + n− 3 , (2.32)
where S = 2k− 1. In particular, the actions for n = 3, 4 were proposed in [23]. For n ≤ 3
this has N = (n, n) superconformal symmetry. For n = 4 we get the large N = (4, 4)
superconformal algebra, and for n > 4 we get Knizhnik’s so(n)-extended superconformal
algebra [25], see appendix B.
For the vertex operators we can factor out the component corresponding to the de-
coupled fermions χ. This is done just like the OSP(1|2) case in [19] by introducing spin
fields for the fermions ψ, χ.
3 From supergroups to superconformal W -algebras
We now generalize the correspondence. Our derivation works for any Lie supergroup
whose bosonic part is of the form H+3 × A for some Lie group A. We first introduce
the relevant Lie superalgebras, and then write down the WZNW model using a suitable
parametrization of the supergroup valued field. The derivation of the correspondences
is analogous to the previous section. The superconformal W -algebras are introduced in
appendix B.3 using the works [28, 31, 32].
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3.1 Lie superalgebras
Our goal is to find and derive correspondences between supergroup WZNW models
and conformal field theories with some superconformal W -algebra symmetry. The su-
pergroups have to contain SL(2,R) as a factor of the bosonic subgroup (i.e. H3+ after a
coset construction). Moreover it has to be possible to write the action of the model in a
suitable form that allows for integration of the fields γ, γ¯. Finding this suitable action is
equivalent to finding a certain grading for the superalgebra. This grading is as follows.
Let g be a simple superalgebra whose bosonic subalgebra is sl(2) ⊕ a for some reductive
Lie algebra a. Denote by ±ν the positive and negative root of sl(2) with corresponding
generators E±ν . These commute to the Cartan element Hν and we have the commutation
relations
[Eν , E−ν ] = 2Hν , [Hν , E±ν ] = ±E±ν . (3.1)
We will see that there is a correspondence for WZNW models whose algebra allows a
five-decomposition of the form (see also [43])
g = g−1 ⊕ g−1/2 ⊕ g0 ⊕ g1/2 ⊕ g1 , (3.2)
where the spaces gi are bosonic for integer i and otherwise fermionic. The index labels
the eigenvalue of the adjoint action of Hν , so g±1 = span{E±ν}, and g0 = span{Hν} ⊕ a.
Let ∆1± denote the roots corresponding to g±1/2, then ∆
1
− + ν = ∆
1
+. We will always
normalize our bilinear form κ such that ν has negative length, and the longest positive
root of positive norm has norm two (this will then lie in a). We can then characterize ∆1+
as
∆1+ = {γ ∈ ∆1 | (γ, ν) < 0 } , (3.3)
and oppositely is ∆1− positive with respect to ν.
We now give examples of such Lie superalgebras. Looking back at (2.1) and (2.18) we
already had psl(2|2) and osp(n|2) as examples. We now list further interesting examples
for classical Lie super algebras, as reference see [44].
3.2 Examples
We now give examples of the possible Lie superalgebras with sl(2) ⊕ a as bosonic
Lie algebra and a five-decomposition. As above we always have g±1 = span{E±ν}, and
g0 = span{Hν} ⊕ a.
sl(n|2)
The rank of sl(n|2) is n+ 1, the dimension n2 + n + 1 and the bosonic subalgebra is
sl(n)⊕ u(1)⊕ sl(2) = sl(2)⊕ a . (3.4)
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The root lattice is generated by vectors ǫ1, ..., ǫn and δ1, δ2 with non-zero inner products
ǫiǫi = 1 and δiδi = −1. The root spaces are
∆0 = {ǫi − ǫj , δi − δj} , ∆1 = {±(ǫi − δj)} . (3.5)
The sl(2) root is ν = δ1 − δ2 and its norm is νν = −2. The longest root of a has norm
α2L/2 = 1. We decompose sl(n|2) as follows:
sl(n|2) = g−1 ⊕ g−1/2 ⊕ g0 ⊕ g1/2 ⊕ g1 ,
g−1/2 = span{F−ǫi+δ2 , Fǫi−δ1} ,
g1/2 = span{Fǫi−δ2, F−ǫi+δ1} .
(3.6)
F(4)
The exceptional Lie superalgebra F(4) has rank 4, dimension 40, and its bosonic
subalgebra is
sl(2)⊕ so(7) = sl(2)⊕ a . (3.7)
The root lattice is generated by vectors δ, ǫ1, ǫ2, ǫ3 with non-zero inner product ǫiǫi = 1
and δδ = −3. The root spaces are
∆0 = {±δ,±ǫi ± ǫj ,±ǫi | i 6= j} , ∆1 = {12(±δ ± ǫ1 ± ǫ2 ± ǫ3)} . (3.8)
We denote the generators for the sl(2) roots by E±ν = E±δ. Note, that νν = δδ = −3.
The longest root of a has norm α2L/2 = 1. Then the decomposition is
F (4) = g−1 ⊕ g−1/2 ⊕ g0 ⊕ g1/2 ⊕ g1 ,
g−1/2 = span{F 1
2
(−δ±ǫ1±ǫ2±ǫ3)} ,
g1/2 = span{F 1
2
(+δ±ǫ1±ǫ2±ǫ3)} .
(3.9)
G(3)
The exceptional Lie superalgebra G(3) has rank 3, dimension 31, and its bosonic
subalgebra is
sl(2)⊕ g2 = sl(2)⊕ a . (3.10)
The root lattice is generated by vectors δ, ǫ1, ǫ2, ǫ3 with non-zero inner product
ǫiǫj = −1
3
+ δij , δδ = −2
3
. (3.11)
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The root spaces are
∆0 = {±2δ, ǫi − ǫj ,±ǫi | i 6= j} , ∆1 = {±δ ± ǫi,±δ} . (3.12)
We denote the generators for the sl(2) roots by E±ν = E±2δ. Note, that νν = 4δδ = −8/3.
The longest root of a has norm α2L/2 = 1 Then the decomposition is
G(3) = g−1 ⊕ g−1/2 ⊕ g0 ⊕ g1/2 ⊕ g1 ,
g−1/2 = span{F−δ±ǫi , F−δ} ,
g1/2 = span{F+δ±ǫi , Fδ} .
(3.13)
D(2,1;α)
There is a family of exceptional Lie superalgebras D(2,1;α) parameterized by α 6=
0,−1,∞. There are a self-dualities taking α 7→ 1/α and α 7→ −1−α, and we use these to
choose α ∈ ]−1, 0[. The superalgebra has rank 3, dimension 17, and its bosonic subalgebra
is
sl(2)⊕ sl(2)⊕ sl(2) = sl(2)⊕ a . (3.14)
The root lattice is generated by vectors ǫ1, ǫ2, ǫ3 with non-zero inner product
ǫ1ǫ1 = −(1 + α)
2
, ǫ2ǫ2 =
1
2
, ǫ3ǫ3 =
α
2
. (3.15)
The root spaces are
∆0 = {±2ǫi} , ∆1 = {±ǫ1 ± ǫ2 ± ǫ3} . (3.16)
We denote the generators for the sl(2) roots we want to reduce by E±ν = E±2ǫ1. Note,
that νν = 4ǫ1ǫ1 = −2− 2α. The longest root of a have norm α2L/2 = α for one sl(2) and
the other one has α2L/2 = 1. Then the decomposition is
D(2, 1;α) = g−1 ⊕ g−1/2 ⊕ g0 ⊕ g1/2 ⊕ g1 ,
g−1/2 = span{F−ǫ1±ǫ2±ǫ3} ,
g1/2 = span{Fǫ1±ǫ2±ǫ3} .
(3.17)
spo(2n|4)
The rank of spo(2n|4) is n+2, the dimension 2n2+9n+6 and the bosonic subalgebra
is
sp(2n)⊕ so(4) = sl(2)⊕ a . (3.18)
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g a h∨ h∨
a
ν2 Nf α
2
L/2
psl(2|2) sl(2) 0 2 −2 4 1
osp(n|2) so(n) n− 4 n− 2 −4 n 1
sl(n|2) , n 6= 2 sl(n)⊕ u(1) n− 2 (n, 0) −2 2n 1
F(4) so(7) 3 5 −3 8 1
G(3) g2 2 4 −8/3 7 1
D(2,1;α) sl(2)⊕sl(2) 0 (2, 2) −2− 2α 4 (1, α)
spo(2n|4) sl(2)⊕sp(2n) n− 1 (2, n+ 1) −1 4n (−1/2, 1)
Table 1: Summary of the examples with five-decomposition along with useful constants.
h∨ is the dual Coxeter number of g, h∨
a
are the dual Coxeter numbers of the simple parts
of a, Nf is half the number of fermionic generators, and α
2
L are the lengths of the longest
roots in the simple parts of a. Compared to last section, the psl(2|2) and osp(n|2 ) cases
have been normalized standardly with the longest positive root of positive norm having
length two (in last section the bilinear forms used where respectively minus supertrace and
supertrace, for osp(n|2) the standard bilinear form would have been half the supertrace).
The root lattice is generated by vectors δ1, ..., δn and ǫ1, ǫ2 with non-zero inner products
δiδi = 1/2 and ǫiǫi = −1/2. The root spaces are
∆0 = {±ǫ1 ± ǫ2,±δi ± δj,±2δn | i 6= j} , ∆1 = {±ǫi ± δj} . (3.19)
The sl(2) root is ν = ǫ1 + ǫ2 and its norm is νν = −1. The longest root of a has norm
α2L/2 = −1/2 for the sl(2) and α2L/2 = 1 for the sp(2n). Then the decomposition is
spo(2n|4) = g−1 ⊕ g−1/2 ⊕ g0 ⊕ g1/2 ⊕ g1 ,
g−1/2 = span{F−ǫi±δa} ,
g1/2 = span{Fǫi±δa} .
(3.20)
In table 1 we summarize all the examples with some data needed in the next subsection.
Let us also note that spo(2n|3) has bosonic subgroup sl(2)⊕sp(2n), but there is no five-
decomposition of our wanted form and hence it is not included.
3.3 The supergroup WZNW model
We can parameterize the group valued fields as
g = g−1 g−1/2 g0 g1/2 g1, (3.21)
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and introduce bosonic fields γ lying in g−1 = span{E−ν}, γ¯ in g1 = span{Eν}, and
fermionic fields θ in g−1/2 and θ¯ in g1/2 such that
g−1 = e
γ , g−1/2 = e
θ , g1/2 = e
θ¯ , g1 = e
γ¯ . (3.22)
Then the action is of the form
SWZNW[g]k = S
WZNW[g0]k +
k
2π
∫
d2z 〈(∂¯γ + 1
2
[∂¯θ, θ] + ∂¯θ),Ad(g0)(∂γ¯ − 12 [∂θ¯, θ¯] + ∂θ¯)〉 .
(3.23)
Using the five-decomposition we know that Ad(g0) leaves gi invariant and [∂θ¯, θ¯] lies in
span{Eν}. Thus we can introduce auxiliary fields β taking values in span{Eν} and β¯
taking values in span{E−ν} and get the classical equivalent action
SClas.[g, β, β¯]k = S
WZNW[g0]k +
k
2π
∫
d2z 〈β, (∂¯γ + 1
2
[∂¯θ, θ])〉+ 〈β¯, (∂γ¯ − 1
2
[∂θ¯, θ¯])〉+
+ 〈∂¯θ,Ad(g0)∂θ¯〉 − 〈β,Ad(g0)β¯〉 . (3.24)
Further, we introduce fermionic auxiliary fields p, p¯ taking values in g±1 and classically
we get (here we need to use the invariance of the bilinear form)
SClas.[g, β, β¯, p, p¯]k = S
WZNW[g0]k + S0[β, β¯, γ, γ¯, p, p¯, θ, θ¯] + Sint[β, β¯, θ, θ¯, p, p¯, g0] ,
S0 =
k
2π
∫
d2z 〈β, ∂¯γ〉+ 〈β¯, ∂γ¯〉+ 〈p, ∂¯θ〉+ 〈p¯, ∂θ¯〉 , (3.25)
Sint = − k
2π
∫
d2z 〈β,Ad(g0)β¯〉+ 〈(p+ 12 [β, θ]),Ad(g0)(p¯− 12 [β¯, θ¯])〉 .
Now, we parameterize g0 = qe
−2φHν with Hν being the Cartan direction of the sl(2). Then
the action becomes
SClas.[g, β, β¯, p, p¯]k = S
WZNW[q]k + S[φ] + S0[β, β¯, γ, γ¯, p, p¯, θ, θ¯] + Sint[β, β¯, θ, θ¯, p, p¯, q, φ] ,
(3.26)
with
S[φ] = − k
ν2π
∫
d2z 〈∂φ, ∂¯φ〉 ,
S0 =
k
2π
∫
d2z 〈β, ∂¯γ〉+ 〈β¯, ∂γ¯〉+ 〈p, ∂¯θ〉+ 〈p¯, ∂θ¯〉 ,
Sint = − k
2π
∫
d2z e2φ〈β, β¯〉+ eφ〈(p+ 1
2
[β, θ]),Ad(q)(p¯− 1
2
[β¯, θ¯])〉 ,
(3.27)
where we used that the grading indices in gi simply are the eigenvalues of Ad(Hν) and
〈Hν , Hν〉 = 1/ν2.
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Let us now take into account the quantum effects. First we consider the change in
levels. Using (2.21) and (2.22) we see that the level for the φ-part changes as
k 7→ k − ν
2
2
(−2 + Nf
2
) = k + h∨. (3.28)
Here Nf = |∆1+| is the number of fermions p. As we have also written, the change
in the level can be seen to be the dual Coxeter number of the superalgebra, i.e. half
the eigenvalue of the quadratic Casimir in the adjoint representation. Likewise the level
for a simple component, ai, of a change with half the eigenvalue of the Casimir, Cfree
in the representation that the free fermions transform in. To calculate this we note that
quadratic Casimir in the adjoint representation splits into the a quadratic adjoint Casimir
for the ai component and Cfree
Cad = Cai + Cfree . (3.29)
However, Cai is not canonically normalized. Our bilinear form, 〈 , 〉, for the Lie super-
algebra is canonically normalized such that the longest positive root with positive norm
has norm two [45]. This means, we have a relation to the canonically normalized bilinear
form, 〈 , 〉ai, for the subalgebra as
〈 , 〉ai =
2
α2L
〈 , 〉|ai , (3.30)
where α2L is the length of the longest root of ai measured by 〈 , 〉. This means that half the
eigenvalue of Cai is
α2
L
2
h∨
ai
, where h∨
ai
is the dual Coxeter number for ai. The renormalized
level for the WZNW model on the ai component with the standard bilinear form 〈 , 〉ai
is thus given by the formula
kai =
2
α2L
(
k + h∨ − α
2
L
2
h∨
ai
)
. (3.31)
A similar formula holds for the u(1) part in the psl(n|2) case if we do not renormalize,
i.e. its level is simply changed by the dual Coxeter number.
Finally, also background charges for the field φ appear as seen from (2.21) and (2.22).
15
Rescaling β, β¯, p, p¯ and φ the quantum corrected action then becomes
S[g, β, β¯, p, p¯] = SWZNW[q] + S[φ] + S0[β, β¯, γ, γ¯, p, p¯, θ, θ¯] + Sint[β, β¯, θ, θ¯, p, p¯, q, φ] ,
SWZNW[q] =
∑
i
SWZNW[qi]kai ,
S[φ] =
1
2π
∫
d2z ∂φ∂¯φ+
Qˆ
4
√
gRφ , (3.32)
S0 =
1
2π
∫
d2z 〈β, ∂¯γ〉+ 〈β¯, ∂γ¯〉+ 〈p, ∂¯θ〉+ 〈p¯, ∂θ¯〉 ,
Sint = − 1
2kπ
∫
d2z e2bφ〈β, β¯〉+ ebφ〈(p+ 1
2
[β, θ]),Ad(q)(p¯− 1
2
[β¯, θ¯])〉 ,
Where the sum in SWZNW[q] is over the simple and u(1) parts of a, and q =
∏
i qi is a
factorization into these parts. Further
b =
√
−ν2
2(k + h∨)
, Qˆ = b(1 −Nf/2) , Nf = |∆+1 | . (3.33)
The relevant constants used can be found in table 1.
3.4 The correspondence with extended superconformal algebras
We consider correlation functions of supergroup WZNWmodel and map them to those
of Liouville theories with extended superconformal algebra. Let us introduce a basis ta
for g1/2 and ta for g−1/2 with 〈ta, tb〉 = δab and a = 1, 2, · · · , Nf . We parameterize the
fermions as p = pat
a etc. and bosonize as
pa = e
iYa , θa = e−iYa , p¯a = eiY¯a , θ¯a = e
−iY¯a . (3.34)
For the bosonic fields let γ = γ−νE−ν , β = βνEν , etc. The vertex operators of the
supergroup WZNW model are then written as
V saj,L(µ|z) = µj+1+
1
2
∑
a saµ¯j+1+
1
2
∑
a s¯aeisaYa+is¯aY¯aeµγ−ν−µ¯γ¯νe2b(j+1)φV aL (q) , (3.35)
where L labels the representation of a.
First, γ−ν is integrated out, then the field βν is replaced by the function (using
〈E−ν , Eν〉 = 2/ν2)
βν 7→ ν
2
2
N∑
i=1
µi
z − zi = u
∏N−2
l=1 (z − yl)∏N
i=1(z − zi)
= uB(yl, zi; z) , (3.36)
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and similarly β¯−ν by −uB¯(y¯l, z¯i; z¯). Shifting the fields φ and Ya to absorb this function
we get〈
N∏
i=1
V saiji,Li(µi|zi)
〉
WZNW
= δ(2)(
N∑
i=1
µi)|ΘN |2
〈
N∏
i=1
V
sai+1/2
b(ji+1)+1/2b,Li
(zi)
N−2∏
l=1
V
−1/2
−1/2b,0(yl)
〉
.
(3.37)
Here L = 0 is the identity representation of a. The action for the right hand side is
S = SWZNW[q] + S[φ] + S0[p, p¯, θ, θ¯] + Sint[p, p¯, θ, θ¯, q, φ] ,
SWZNW[q] =
∑
i
SWZNW[qi]kai ,
S[φ] =
1
2π
∫
d2z ∂φ∂¯φ+
Q
4
√
gRφ ,
S0 =
1
4π
∫
d2z 〈p, ∂¯θ〉 − 〈θ, ∂¯p〉+ 〈p¯, ∂θ¯〉 − 〈θ¯, ∂p¯〉 ,
Sint = − 1
2kπ
∫
d2z e2bφ
2
ν2
+ ebφ〈(p+ 1
2
[Eν , θ]),Ad(q)(p¯− 12 [E−ν , θ¯])〉 .
(3.38)
Recall that Eν maps g−1/2 to g1/2. The new background charge is Q = Qˆ + b−1. The
vertex operators are
V saα,L(z) = e
isaYa+is¯aY¯ae2αφV aL (q)(z) , (3.39)
and the pre-factor is
Θ = u
N∏
i<j
(zi − zj)
1
2b2
−Nf
4
N−2∏
p<q
(yp − yq)
1
2b2
−Nf
4
N∏
i=1
N−2∏
p=1
(zi − yp)−
1
2b2
+
Nf
4 . (3.40)
We may rotate the fermions as
ψ = p+
1
2
[Eν , θ] , ψ¯ = p¯− 1
2
[E−ν , θ¯] ,
χ = p− 1
2
[Eν , θ] , χ¯ = p¯ +
1
2
[E−ν , θ¯] , (3.41)
and we see that the fermions χ decouple from
SsL[φ, ψ, q] = S[q]k0 +
1
2π
∫
d2z
[
∂¯φ∂φ+
Q
4
√
gRφ+ 〈ψ, [E−ν , ∂¯ψ]〉+
+ 〈ψ¯, [Eν , ∂ψ¯]〉+ ebφ〈ψ,Ad(q)ψ¯〉
]
,
(3.42)
which we call a-extended super Liouville field theory. Note that we have dropped the
contact term in the interaction. We explain the symmetry of these theories in appendix
B.
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4 Discussions
In this note, we have studied relations between supergroup WZNW models and Li-
ouville theories with extended superconformal algebras. We have shown that N -point
functions of tachyon vertex operators in supergroup WZNW models on spheres can be
written in terms of (2N − 2)-point functions in Liouville-like theories with N − 2 extra
insertions. The relation was studied in [19] for OSP(n|2), n = 1, 2, and we have extended
the analysis to more generic cases. First, we studied explicitly the two specific cases
of PSU(1, 1|2) and OSP(n|2) which are the most interesting models for applications in
superstring theory. Then we developed a more abstract formalism to examine general
cases with supergroups whose bosonic subgroup is of the form SL(2)×A. Relations be-
tween these two types of theories were given using quantum Hamiltonian reduction in
[27, 28, 31, 32]. However, here we have given direct relation of correlators and would like
to stress that our relation is different from the Hamiltonian reduction, among others there
is no restriction of the momentum space in the supergroup WZNW models.
There are several problems to consider in the future addition to the generalization
of the FZZ duality [35, 36, 37] mentioned in the introduction. First of all we would
like to understand more about the generic cases. One of the important examples is
D(2,1;α) since in this case the Liouville field theory admits a one parameter family of
N = (4, 4) superconformal symmetry [46, 47, 24]. We have also studied exceptional cases
G(3) and F(4), and it would be interesting to find applications in superstring theory. In
this note we have considered only amplitudes on a sphere. This extends straightforwardly
to the case with generic Riemann surfaces of higher genus following [21], and it would be
worthwhile also to consider disk amplitudes [48, 49, 18]. Moreover, the Liouville theories
with extended superconformal W -algebras, that we have arrived at, should be studied.
We have given the precise actions of these theories and a next important step is to find
their possible dualities. This is because in particular these in turn can be used to derive
dualities for the original theories and cosets thereof. Using the explicit form of actions, it
might be also possible to compute correlation functions of these theories.
Recently, it was proposed in [50, 51] that two dimensional Toda theory is related to
four dimensional SU(N) gauge theory. Moreover, including surface operators in the gauge
theory is argued to change the two dimensional theory to the one with the symmetry of
current algebra or W -algebra [52, 53, 54, 55]. One family of W -algebras that appears in
this relation are the Bershadsky-Polyakov algebras WN−1N [55], where these algebras can
be constructed from SL(N) WZNW models via Drindfel’d-Sokolov reduction [56]. The
construction uses a so-called good minimal graduation of sl(N). But this is exactly the
type of decomposition we needed for our superalgebras. Hence, it is reasonable to expect
that our derivation carries over to a correspondence between SL(N) WZNW models and
theories with WN−1N symmetry. We will report on this in a forthcoming paper [57].
18
Acknowledgement
We would like to thank Louise Dolan, Thomas Quella and Volker Schomerus for useful
discussions. The work of YH is supported in part by Keio Gijuku Academic Development
Funds, and the work of TC partially by U.S. Department of Energy, Grant No. DE-FG02-
06ER-4141801, Task A.
A Notations
In this appendix we briefly define the notations used in the main text for the Lie
algebras psl(2|2) and osp(n|2).
A.1 The Lie superalgebra psl(2|2)
First we consider the notation for psl(2|2). The same notation is used for psu(2|2) with
appropriate realness conditions on the fields. The Lie superalgebra psl(2|2) is generated
by six bosonic elements E0i , E
±
i and eight fermionic ones S
±
α,β, with i = 1, 2 and α, β = 1, 2.
Here the notation of [10] is adopted. The bosonic subalgebra is sl(2) ⊕ sl(2),
[E0i , E
±
i ] = ±E±i , [E+i , E−i ] = 2E0i . (A.1)
Among the bosonic and fermionic generators the relations are
[E01 , S
±
1α] = ±12S±1α , [E01 , S±2α] = ±12S±2α ,
[E02 , S
±
1α] = ±12S±1α , [E02 , S±2α] = ∓12S±2α ,
[E±1 , S
∓
1α] = ±S±2α , [E±1 , S∓2α] = ∓S±1α ,
[E±2 , S
∓
1α] = ±S∓2α , [E±2 , S±2α] = ∓S±1α .
(A.2)
The fermionic generators satisfy
{S±1α, S±2β} = ∓2ǫαβE±1 , {S±1α, S∓2β} = ±2ǫαβE±2 ,
{S+1α, S−1β} = 2ǫαβ(E01 −E02) , {S+2α, S−2β} = 2ǫαβ(E01 + E02) .
(A.3)
The invariant bilinear form is
strE01E
0
1 =
1
2
, strE+1 E
−
1 = 1 , strE
0
2E
0
2 = −
1
2
,
strE+2 E
−
2 = −1 , strS±1αS∓1β = 2ǫαβ , strS±2αS∓2β = 2ǫαβ ,
(A.4)
with ǫ12 = 1.
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These generators can be expressed by using 4 × 4 matrices. With the usual Pauli
matrices
σ3 =
(
1 0
0 −1
)
, σ+ =
(
0 1
0 0
)
, σ− =
(
0 0
1 0
)
(A.5)
the bosonic generators are given by
E01 =
1
2
(
σ3 0
0 0
)
, E±1 =
(
σ± 0
0 0
)
, E02 =
1
2
(
0 0
0 σ3
)
, E±2 =
(
0 0
0 σ±
)
.
Defining the following matrices as
σˆ+ =
(
1 0
0 0
)
, σˆ− =
(
0 0
0 1
)
, (A.6)
fermionic generators1 are given by
S±11 =
√
2
(
0 σ±
0 0
)
, S±12 =
√
2
(
0 0
σ± 0
)
, (A.7)
S±21 =
√
2
(
0 ±σˆ±
0 0
)
, S±22 =
√
2
(
0 0
∓σˆ∓ 0
)
.
A.2 The Lie superalgebra osp(n|2)
A good way to describe the Lie superalgebra is via supermatrices. Define the matrix
GIJ =


In 0 0
0 0 1
0 −1 0

 , (A.8)
where the label I, J runs from 1 to n+ 2, and In is the n× n identity matrix. Moreover,
we define (eIJ)KL = δILδJK . Using i, j = 1, · · · , n and i¯, j¯ = n + 1, n + 2, the generators
of osp(n|2) are then given by
Eij = Gikekj −Gjkeki , Ei¯j¯ = Gi¯k¯ek¯j¯ +Gj¯k¯ek¯i¯ , Eij¯ = Ej¯i = Gikekj¯ +Gj¯k¯ek¯i .
The sl(2) subgroup is generated by
E(n+1)(n+2) = −2E0 , E(n+1)(n+1) = 2E+ , E(n+2)(n+2) = −2E− (A.9)
1These are generators of SU(2|2) Lie algebra, therefore these generators satisfy the above
(anti-)commutation relations for the PSU(2|2) Lie superalgebra up to the generator of U(1) Lie alge-
bra.
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and the fermionic part is
Ei(n+1) = F
+
i , Ei(n+2) = F
−
i . (A.10)
Commutation relations are
[E0, E±] = ±E± , [E+, E−] = 2E0 , (A.11)
[E0, F±i ] = ±12F±i , {F±i , F±j } = ±2δi,jE± .
B Extended superconformal algebras
In this appendix we show that the theories obtained have desired symmetries. In the
next subsection, we study the theory with small N = (4, 4) superconformal symmetry.
In appendix B.2 we summarize the Knizhnik’s so(n) superconformal algebra [25]. In
appendix B.3, we study the theories with general extended superconformal symmetry.
B.1 Small N = 4 superconformal algebra
We will now show that the theory with action (2.16) provides a free field realization
of small N = 4 superconformal algebra. The small N = 4 superconformal algebra is
generated by bosonic currents T (z), J i(z) with i = 1, 2, 3 and fermionic currents G±α with
α = 1, 2. The central charge is c = 6(k − 1) and the level of the SU(2) currents is k − 1.
The currents have the following OPEs (see, for instance, [41])
T (z)T (w) ∼ c/2
(z − w)4 +
2T (w)
(z − w)2 +
∂T (w)
z − w ,
J i(z)J j(w) ∼ k − 1
2
δij
(z − w)2 +
iǫijkJk(w)
z − w ,
T (z)J i(w) ∼ J
i(w)
(z − w)2 +
∂J i(w)
z − w ,
T (z)G±α (w) ∼
3
2
G±α (w)
(z − w)2 +
∂G±α (w)
z − w ,
J i(z)G±α (w) ∼ ±
1
2
σi,±βα
G±β (w)
z − w ,
G+α (z)G
−
β (w) ∼
2c/3δαβ
(z − w)3 +
4σ¯iαβJ
i(w)
(z − w)2 +
2T (w)δαβ + 2σ¯
i
αβ∂J
i(w)
z − w .
(B.1)
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Let us construct these currents using the symmetries of the action of small N = 4
super Liouville theory in (2.16). The field content is the bosonic field φ(z), the su(2)
currents Ki(z) and the fermionic fields ψα±(z) with α = 1, 2. The OPEs of these fields are
φ(z)φ(w) ∼ −1
2
ln(z − w) , ψα±(z)ψβ∓(w) ∼
δαβ
z − w ,
Ki(z)Kj(w) ∼ k − 2
2
δij
(z − w)2 +
iǫijkKk(w)
z − w .
(B.2)
We find that the generators of N = 4 super conformal algebra are realized by
T (z) = −∂φ∂φ +Q∂2φ− 1
2
(ψα+∂ψ
α
− + ψ
α
−∂ψ
α
+) +
1
k
KiKi ,
J i(z) = Ki +
1
2
ψα+σ
i
αβψ
β
− ,
G±α = i
√
2
(
ψα±∂φ −Q∂ψα± ±
1√
k
(ψβ±σ
i,±
βαK
i − ψα±ψβ+ψβ−)
)
.
(B.3)
Here Q =
√
k − 1/√k and the normal ordering is implicitly assumed. We have defined
σi,+αβ = σ
i
αβ and σ
i,−
αβ = σ¯
i
αβ for the simplicity of expressions.
The next step is to show that the term Sint in (2.16) is a screening charge. Let us
write the supercharges in notation of [58]. The relation is
G± =
1√
2
G±1 , G
′±
2 = −
1√
2
G∓2 , (B.4)
where G± and G′± both generate an N = 2 superconformal algebra. The two interaction
terms are
V1 + V2 =
1
k
ψ−qψ¯−e
bφ +
1
k
ψ¯+q
−1ψ+e
bφ , (B.5)
the third term in (2.16) is a contact term that we remove. We compute
G+(z)V1(w) ∼ 0 , G−(z)V1(w) ∼ −∂
(
ik−1/2q1αψ¯α−e
bφ
z − w
)
,
G′+(z)V1(w) ∼ ∂
(
ik−1/2q2αψ¯α−e
bφ
z − w
)
, G′−(z)V1(w) ∼ 0
(B.6)
and
G+(z)V2(w) ∼ ∂
(
ik−1/2ψ¯α+q
−1
α1 e
bφ
z − w
)
, G−(z)V2(w) ∼ 0 ,
G′+(z)V2(w) ∼ 0 , G′−(z)V2(w) ∼ −∂
(
ik−1/2ψ¯α+q
−1
α2 e
bφ
z − w
)
.
(B.7)
22
Similarly one can compute that the OPE of the currents J i and the energy-momentum
tensor T with the fields Va are regular up to total derivatives. Hence, V1 and V2 are
screening charges for our free field representation of the small N = (4, 4) superconformal
algebra.
But they are even more, namely F-terms of N = (2, 2) superconformal theories,
V1(w) =
1
2πi
∮
w
dz
[
AG+(z)(ik−1/2q1αψ¯
α
−e
bφ)(w)+
+ (A− 1)G′−(z)(ik−1/2q2αψ¯α−ebφ)(w)
]
,
V2(w) = − 1
2πi
∮
w
dz
[
BG−(z)(−ik−1/2ψ¯α+q−1α1 ebφ)(w)+
+ (B + 1)G′+(z)(−ik−1/2ψ¯α+q−1α2 ebφ)(w)
]
,
(B.8)
where A and B are free coefficients. This shows that in the N = (2, 2) formalism we can
write the terms as chiral and anti-chiral F-terms since we also have
G−(z)q1αψ¯
α
−e
bφ(w) ∼ 0 , G′+(z)q2αψ¯α−ebφ(w) ∼ 0 ,
G+(z)ψ¯α+q
−1
α1 e
bφ(w) ∼ 0 , G′−(z)ψ¯α+q−1α2 ebφ(w) ∼ 0 .
(B.9)
B.2 Knizhnik’s N = (n, n) superconformal algebra
The action (2.31) provides a free field realization for Knizhnik’s so(n)-extended super-
conformal W -algebra [25]. This is generated by so(n) currents, Virasoro field and super
currents. The so(n) currents are
Ja = Ka +
1
2
ψitaijψ
j . (B.10)
Here Ka are the so(n) currents with level k − 1 and taij are the generators of so(n). The
supercurrents are
Gi = i
√
2
(
ψi∂φ−Q∂ψi + 1
2
√
k + n/2− 2(ψ
jtaijK
a)
)
. (B.11)
Note that there is no triple fermion term. For n = 1, 2, 3, 4 these generate the N = n
superconformal algebra, while for larger n the OPEs looks like a W -algebra [25]:
Gi(z)Gj(w) ∼ Bδ
ij
(z − w)3 +
KtaijJ
a(w)
(z − w)2 +
1
2
Ktaij∂J
a(w) + 2δijT (w) + γΠabij : J
aJ b : (w)
z − w ,
(B.12)
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where the last term is the standardly normal ordered product of Ja currents. The con-
stants B,K, γ are uniquely determined via the Jacobi identities in terms of k and n,
B = KS , K =
2S + n− 4
S + n− 3 ,
γ =
1
2
1
S + n− 3 , S = 2k − 1 . (B.13)
The generators of the Lie algebra are denoted taij and are normalized such that tr(t
atb) =
−2δab. Finally, we have defined
Πabij = t
a
imt
b
mj + t
b
imt
a
mj + 2δ
abδij . (B.14)
B.3 Extended superconformal algebras
These theories were studied in [31], and we summarize their results. Let ta denote a
basis of g0 and t
α of g1, i.e. roman indices are bosonic and Greek fermionic. Then the
structure constants are
[ta, tb] = fabct
c , [ta, tα] = Raαβt
β , [tα, tβ] = Rαβat
a . (B.15)
R indicates that the fermions form a representation of the bosonic subalgebra.
The extended superconformal algebra is generated by Ja, T, Gγ where γ is a root in
∆1+. The non-trivial OPEs are
Ja(z)Gγ(w) ∼ R
aγ
βG
β(w)
(z − w) ,
Gν−γ
′
(z)Gγ(w) ∼ f1(k)
k + h∨
δγ′,γ
(z − w)3 −
1
k + h∨
2∑
i=1
f i2(k)
(2J iγ,γ′(w)
(z − w)2 +
∂J iγ,γ′(w)
(z − w)
)
+
− 2
ν2
δγ,γ′
T (w)− Sa(w)
(z − w) +
1
k + h∨
(J2)γ,γ′(w)
(z − w) . (B.16)
Here i = 1, 2 corresponds to the simple components of a and
Jγ,γ′ = −Rγ,−γ′aJa , (J2)γ,γ′ = Rγ,−γ′′aδγ′′+γ′′′,0R−γ′γ′′′ bJaJ b . (B.17)
The fi(k) are given in table 6 of [31] and Sa is a rescaled Sugawara field for the super-
symmetric WZNW of the Lie group of a, see (63) in [31].
A free field realization is given by a current algebra of a, free fermions and the Liouville
field φ. The level of the current algebra is k0 with
2(k + h∨) = α2L(k0 + h
∨
0 ) , (B.18)
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where h∨0 is the dual Coxeter number of a and αL is the longest root of a. The Sug-
awara energy-momentum tensor is denoted by Tˆ . The free fermions ψγ transform in
the representation g1/2 of a, i.e. the index γ is a root in ∆
1
+. The Liouville field has
energy-momentum tensor
Tφ = −∂φ∂φ +Q∂2φ , (B.19)
where
Q = (1−Nf/2)b+ b−1 , b = ǫ
√
ν2
2(k + h∨)
, Nf = |∆1+| . (B.20)
Here there is a freedom to choose a sign ǫ = ±. The current algebra has standard OPE,
for the fermions we choose a basis such that
ψγ(z)ψν−γ′(w) ∼ δγ,γ′
(z − w) . (B.21)
They form also a current algebra of level being the eigenvalue of the quadratic Casimir
in the representation. The currents are
ja =
1
2
Raγ
′γψγψν−γ′ . (B.22)
The energy momentum tensor is
Tψ = −1
2
∑
γ∈∆1
+
ψν−γ∂ψγ . (B.23)
The extended superconformal algebra is then generated by the total energy-momentum
tensor, total currents and the supercurrents as
T = Tˆa + Tψ + Tφ ,
Ja = Jˆa + ja ,
Gγ =
k + ν2/2
k + h∨
∂ψγ − b(k + h∨)∂φψγ − 1
(k + h∨)
∑
γ′
2∑
i=1
(
Jˆ iγ,γ′ + c
i
2j
i
γ,γ′
)
ψγ′ .
(B.24)
The number ci is in table 5 of [31]. The anti-holomorphic side is constructed analogously.
The screening charge for this system is [31]
S = ebφψγΦ
γ,γ¯ψ¯γ¯ , (B.25)
where Φ transforms as ∆1± under holomorphic (plus) and anti-holomorphic (minus) cur-
rents, and γ¯ is in ∆1−. This is exactly the form of our fermion interaction term e
bφ〈ψ,Ad(q)ψ¯〉
in (3.42).
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